Neurons are cells that carry electrical impulses. The growth of axons in these cells has been of interest for some time. Experiments have been performed to understand the tension dependent growth of axons but there are few models in the literature that can explain the characteristics of axon growth. Here we propose a growth model that is based on diffusion limited polymerization of microtubules in the axon. The tension in the axonal membrane determines the compressive force on the polymerizing microtubules and this controls the rate of growth. We show that the growth process of an axon that is coupled to a device which can measure and apply forces on it can be described by an ordinary differential equation. Solutions of this equation for various loading conditions reproduces the data in many recent experiments.
Introduction
Neurons are the cells that carry electrical impulses in most animals for sensory and motor responses. Their electrical behavior has been studied for decades and is quite well understood 9, 7 but their mechanical behavior has attracted less attention 11 . However, a series of recent experiments showed that the axons of neurons are under tension 8, 12, 14 . Furthermore, axonal tension plays a role in the modulation of synaptic plasticity and neurotransmitter transport. Thus, it is important to understand the mechanics of axons under the action of imposed forces and deformations. One aspect of this is to measure the growth rate of axons as a function of applied forces as was done by Lamoureux et al. 8 and Nguyen et al. 10 . Surprisingly, there are few, if any, physically motivated models in the literature which can explain the growth rate of axons as a function of applied force. The models of Van Veen and Van Pelt 15 and Samuels et al. 13 were conceived with the knowledge of microscopic cellular processes (polymerization, active transport) that cause growth and have been used in the analysis of experiments 16 , but even these models have not been applied to explain tension induced growth.
The model of Van Veen and Van Pelt 15 was recently modified by Nguyen et al. 10 to account for the effect of changing tension in the neuron's cell membrane. They showed that this modification can easily explain the tension induced growth data of Lamoureux et al. 8 as well as their own experiments. Here we show that the model proposed in Nguyen et al. 10 can also explain many of the observations and data in Rajagopalan et al. 12 . While Nguyen et al. 10 loaded the neurons by applying a pressure gradient in a microfluidic device Rajagopalan et al. 12 used a mechanical force measuring device to load the neurons. They were also able to watch the response of the neurons after they were unloaded. The model proposed in Nguyen et al. 10 was applied only to a situation when the neurons were loaded with a constant force. The same model can explain most of the data collected by Rajagopalan et al. 12 in both loading and unloading.
Summary of growth models for neurons
The growth of neurons occurs by the polymerization of micro-tubules at the tip of the neurite. The transport of tubulin monomers occurs by diffusion. Lipid vesicles and other components are also required for the growth of the neurite. These are transported actively. A quantitative model incorporating the most important aspects of this process was proposed by Van Veen and Van Pelt 15 and is summarized below.
Van Veen and Van Pelt model
Van Veen and Van Pelt approximate the flux J = −D dQ dx of tubulin into a neurite of length L by
where Q r is the concentration at the root or soma, Q t is the concentration at the growing tip and D is a diffusion coefficient. If e is the length of a tubulin dimer then Van Veen and Van Pelt 15 say that
where V is a small volume near the tip of the neurite where the assembly takes place. Van Veen and Van Pelt 15 also account for the change in length of the microtubules due to applied forces. Many measurements have shown that the microtubules are under compression and the membrane under tension in a growing neurite 2 . For example, Dennerll et al. 2 found that the neurite tension varies over a broad range from 0-10nN. Due to the force the length L could change to kL where k > 1 if the mirotubule is under tension and k < 1 if it is under compression. We will neglect this effect here and take k ≈ 1. We also remember that force can modify the on-rate of the microtubule assembly process 6 . We say that
where F > 0 is the force applied by the microtubule on the membrane. The physics behind this equation is that the probability distribution function for the gap size x between the tip of the growing microtubule and the fluctuating membrane is p(x) = F kBT exp(− Fx kBT ) when the fluctuations of the tip are much faster than the reaction 6 . The membrane, of course, is in tension. In fact, a rudimentary force balance on the hemispherical tip of the neurite of radius R p gives
where τ is the membrane tension (in units of force/length), p is the pressure difference between the inside and outside of the cell, F is force exerted by a single microtubule on the tip and n is the number of microtubules impinging on the growing tip. If τ is held constant then increasing p would reduce F and enhance k on (F). Note that δ is about the size of one monomer and according to Howard 6 kBT δ ≈ 2pN -7pN. Summarizing the equations 1 eV
where I is the rate (in units of concentration per unit time) of production of tubulin monomers in the soma and A is the area of cross-section of the neurite. The differential equations above need to be solved numerically. Typically, the initial conditions used are that L(0) = , Q r (0) = Q 0 and Q t (0) = 0 where is a small number and Q 0 is a constant. Van Veen and Van Pelt 15 did so and found that after a fast initial phase Q r and L increase linearly with time and Q t converges to a constant value. Motivated by the observations of the numerical experiments let us plug in the following into the equations of Van Veen and Van Pelt 15 :
There are five unknowns above -C 1 , C 2 , C 4 , C 5 and Q t . We get five equations by plugging these into Van Veen and Van Pelt's equations and comparing coefficients:
By solving these equations we get
If eV 2 I DA is small (or diffusion is very fast) then it is easy to see that C 1 = eV I, C 4 = 0. We see that k on does not enter the equation for C 1 . So, even if k on is increased due to an applied pressure difference or tension the growth rate will remain unaffected unless I is somehow changed. This is contrary to the observations in experiments 10, 8 in which the growth rate depends on the applied tension. We have to correct our model for neurite growth.
Diffusion limited growth
In the previous model it was assumed that microtubule polymerization is reaction limited. In other words, a monomer falls into the gap between the tip and the growing microtubule only occassionally. In the diffusion limited case we assume that the monomer addition reaction is so fast that as soon as a gap between the tip and a growing microtubule opens up, a monomer will drop in 6 . In this case
Here D 1 is a diffusion coefficient (different from D) and nF is the force being exerted on the tip given by (4) . When a large force is opposing the polymerization (in the absence of an externally applied pressure) then polymerization is necessarily reaction limited. If Fδ kBT << 1 then we can get
Since nF = 2πR p τ − πR 2 p p = T 0 − T app we expect that the plot of growth rate against p will have a positive slope. Writing dL dt in terms of the rest tension T 0 = 2πR p τ and applied force T app = πR 2 p p we get
This equation can be compared with the data of Lamoureux et al. 8 who applied known forces on growing neurites and measured their growth rates. If we plot T app on the x-axis and dL dt on the y-axis then (20) plots as a straight line with x-intercept at T app = T 0 − 3nkBT δ . Lamoureux et al. 8 find that the intercept varied between 1.5nN -4nN. If we take n ≈ 50 then we find that 1.8nN ≤ T 0 ≤ 4.3nN. This is consistent with Dennerll et al. 2 who report that neurite rest tensions vary over a broad range from 0 -10nN 2 with a mean value of 0.35nN. Let us now consider the slope of the line which is D1 6nkBT . According to Lamoureux et al. 8 the slope varies between 0.08 − 2.8μm/hr/μdyne. Taking an average value for the slope as 1.4μm/hr/μdyne we get
We tacitly assumed in the analysis above that the membrane tension remains constant even when external force is applied on the neurite. This may not be reasonable. In fact, Dennerll et al. 2 have shown that the force-extension relation of PC12 neurites is linear over the range 0 ≤ T ≤ 5nN where the extension ΔL is given by:
If we assume that the radius of the neurite remains constant for different applied tensions then we can infer that k mem is related to the 2D shear modulus μ of the membrane. To infer this relation we simply set T − T 0 = πR 2 p ΔP in the following formula used in micro-pipette aspiration experiments to determine the shear modulus of cell membranes 5 .
According to Dennerll et al. 2 the spring constant k mem varied over a range 0 ≤ k mem ≤ 1200pN/μm with a mean value around 244pN/μm. Similarly, microtubules are also elastic objects, as assumed by Van Veen and Van Pelt 15 , and we can assume that the stiffness of n of them is k mic . For example, if the cross-sectional area of a hollow microtubule is A mic and its Young's modulus is E then k mic = nEA mic . The microtubules and the membrane together support the force T app due to external pressure. An elementary calculation (assuming the springs k mic and k mem are in parallel) gives
This can be plugged into (18) to get the growth rate as a function of the applied tension. The linearized version of this equation is:
We expect that n ∝ πR 2 p where R p is the radius of cross-section of the neurite. This means that F = C 1 − C 2 p where p is the pressure difference while C 1 and C 2 are two constants that depend on the membrane rest tension and material properties respectively. Thus the growth rate is a function of p and material properties which is consistent with the analysis of Goriely and Tabor who study the biomechanics of growth in tubular fungi 4 . Let us try to estimate k mic . The outer diameter of a microtubule is about 25nm and inner diameter about 14nm 1 . Its flexural rigidity is about 2.2 × 10 −23 Nm 2 3 . From this we can estimate that EA mic ≈ 0.82 × 10 −6 N/m. If we assume that n ≈ 50 17 then 1 + kmem kmic = 1 + 244 50×0.82 ≈ 7. This will reduce the x-intercept in the dL dt vs. F straight line by a few hundred pN, but even so our estimate for the rest tension T 0 remains consistent with Dennerll et al. 2 .
L(t)
x(t) k monomer micro-tubule membrane filament network L(t) . The membrane is under tension and it exerts a compressive force on the microtubules through the filament network underneath it. The stiffness of the force measurement device is k. Its displacement is x(t).
Application to experiments
In a series of papers published by the lab of Taher Saif the mechanics of neurons was carefully analyzed with the conclusion that there is a rest tension in them which modulates their growth. The neurons were first coupled to a device to measure and exert forces (see figure 3 ). We assume that this device has stiffness k and it is in series with an axon. According to Siechen et al. 14 k = 3.5nN/μm. We assume that the displacement of the tip of the neuron is L(t) while the displacement of the device is x(t). Thus, the force exerted by the device on the neuron is
Typically, x(t) is prescribed in an experiment while f (t) and L(t) are measured. In the experiments of Rajagopalan et al. 12 x(t) follows a trapezoidal trajectory -(a) 1 and v is a constant. To be precise, t 1 ≈ 2 minutes, t 2 ≈ 32 minutes and x(t 1 )/L 0 ≈ 0.4 in the experiments of Rajagopalan et al. 12 , where L 0 is the length of the axon at t = 0. They show that f (t) increases linearly for 0 ≤ t ≤ t 1 and it decreases exponentially for t 1 ≤ t ≤ t 2 . For t ≥ t 2 the tension F(t) increased to a constant value while the length L(t) decreased. Our goal is to show that this data can be explained by the growth model we have proposed above. To see how this can be done, we first note that (25) can be recast as
where f (t) = T app is the applied tension, v 0 contains information about the rest tension and η plays the role of a viscosity. For dL dt = 0, we must have f = −ηv 0 = T 0 − 3kBT n δ (1 + kmem kmic ). We expect the second of these terms to be on the order of a few nN as discussed in the previous section. Thus, if the axon is under tension, or f > 0, then ηv 0 < 0. We will see later that this is indeed the case. Hence, the axon behaves somewhat like a dashpot except for the constant v 0 . This dashpot is in series with the spring represented by the force measurement device. Hence, we can combine (26) and (27) to get a differential equation for f (t):
The initial condition for the experiments of Rajagopalan et al. 12 is f (0) = f 0 , which they call the rest tension. In reality, this f 0 = T 0 − 3kBT n δ (1 + kmem kmic ) as discussed above, and T 0 is the rest tension. The solution to (28) with this initial condition is simply where τ = η k is a relaxation time. If we linearize this equation for small values of t τ we get
The slope of this line in the
The axon elongation plotted in figure 3A and figure 3B of Rajagopalan et al. 12 is related to vt as = vt L0 where L 0 is the initial length of the axon at t = 0. For constant v, as in these experiments, is just a rescaled version of t. Remembering this, we note that if k(v − v 0 ) is held fixed, then increasing f 0 and decreasing τ will decrease the slope of the line in the f − t plane. In figure 3B , f 0 ≈ 12nN, and in figure 3A , f 0 ≈ 2nN. Thus, as expected, the slope of the line in figure 3B is smaller than that in figure 3A . Later we will show that τ for the axon in figure 3B is also smaller than that in figure 3A , reinforcing the trend seen in the slopes of these lines.
For t 1 ≤ t ≤ t 2 , v = 0 and the initial condition at t = t 1 is f (t 1 ) = f 1 which can be computed from above or obtained from the experiment. So, the solution to (28) is:
For t 1 ≤ t ≤ t 2 , x(t) = x(t 1 ) a constant. So, the length of the axon L(t) is given by:
We can use these expressions to fit some of the data in Rajagopalan et al. 12 . In particular, we use (31) to fit the data in figure 4A of Rajagopalan et al. 12 and get
The fit is shown in figure 3 . We are able to capture the data quite well, but we would like to see if our fit parameters are predictive. Remembering that τ = η k we can use k = 3.5nN/μm to obtain η = 1785nN.s/μm. Thus, v 0 = −5.4/1785 ≈ 3nm/s. From (27) we infer that this is the rate at which an axon will contract if there is no tension in it ( f = 0). Indeed, figures 7A and 7B of Rajagopalan et al. 12 show that the retraction rates are 2.5, 1.7 and 18 nm/s confirming that our estimate has the right order of magnitude.
Let us assume that f (t 2 ) = f 2 . For t 2 ≤ t ≤ t 3 , the differential equation for the force is
The solution to this equation is: In the brief period t 3 − t 2 , Rajagopalan et al. 12 noticed that the axons went slack when they were unloaded. In other words, f = f 3 ≈ 0 in the axons at t = t 3 . But, as time progressed the neurons regained their tension while shortening in length. Rajagopalan et al. 12 could measure the tension in the axons because their force measuring device remained attached to the neurons. Since, v = 0 for this process the solution for the force is given by
We fitted the data in figure 6A and figure 6B of Rajagopalan et al. 12 using this expression (see figure 3 ) and found:
Note that the values of τ obtained from fitting figure 6A and figure 4A of Rajagopalan et al. 12 are close to each other. This is not surprising since they correspond to the same axon. τ for the axon in figure 6B of Rajagopalan et al. 12 is smaller than that in figure 6A . Thus, we expect that slope of the loading force-elongation curve of this axon will be lower as confirmend in figure 3B . Rajagopalan et al. 12 also performed another experiment in which they unloaded the axons to near zero tension and watched them shorten to increase tension with the force measurement device not attached. These experiments translate to f = 0 and k = 0 in our model. In this situation we know that dL dt
so that growth rate will be linear in time. Since the values of ηv 0 are negative we expect that the axons will shorten and the slopes of the L versus t curves will be negative. This is confirmed in the experiments as shown in in figure 7A and figure 7B of Rajagopalan et al. 12 .
Conclusion
We have shown in this paper that the model of Nguyen et al. 10 can explain much of the mechanical behavior of neurons seen in the experiments of Rajagopalan et al. 12 . This model is a modified version of the model proposed by Van Veen and Van Pelt 15 with 'diffusion limited' growth of microtubules replacing the reaction limited growth in the original model. This model is rather simple in that it does not account for active transport or the work done by molecular motors in the axon. It will be interesting to explore the effects of these additions to the model. We have also not accounted for the viscoelasticity of the membrane and the underlying filament network in our calculations. Presumably, this could be behind the two different retraction rates in the some of the experiments of Rajagopalan et al. 12 . In spite of these deficiencies the model proposed here captures many of the temporal behaviors seen in axons. It will be interesting the extend the model and apply it to other experiments involving axon growth and retraction.
